Bell Violation with Discrete-Continuous Entanglement 
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We describe a new Bell test for two-party entangled systems, one that engages an unbounded 
continuous variable. The continuous variable state is allowed to be arbitrary and inaccessible to 
direct measurements. A systematic method is introduced to perform the required measurements 
indirectly. Our results provide a new perspective both in the study of local realistic theory for 
continuous variable systems and in the nonlocal control theory of quantum information. 
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The issue of ineompatibility between local realism and 
the completeness of quantum mechanics was originally 
raised for unbounded continuous variables in two-party 
systems by Einstein, Podolsky, and Rosen (EPR) [l[ . Ex- 
periments based on inequalities to test local realism pro- 
posed by Bell and his followers Q show, as is well 
known, that in at least some physical domains quantum 
theory is fully compatible with their results while clas- 
sical realism is not. The initial, and most of the subse- 
quent, experimental tests of local realism have been re- 
alized without engaging continuous variables but rather 
usingthe discrete variables available in photonpolariza- 
tion trapped ions 0, solid-state qubits [1], etc. 

The major difficulty in extending standard Bell tests to 
unbounded continuous variable state spaces is the need 
to identify a finite set of realistic measurement operators 
that (a) are adequate for systematic examination of a 
continuous state space, and (b) can be bounded in some 
fashion that makes possible the derivation of a Bell in- 
equality. 

One proposed approach to avoid much of the difficulty 
has been to discretize the continuous spaces with binning 
or pseudo-spin methods that reduce the doubly contin- 
uous infinity of dimensions to two or a few, in which 
case one can map onto the familiar analysis of discrete 
Bell-like inequalities (see, e.g., (ol-flij). However, it re- 
mains true that even if these methods produce a reduced 
space that is easy to measure and manipulate, they have 
treated only a fraction of the continuous variable space 
and are always open to the question why a particular 
binning or pseudo-spin scheme was chosen. 

A non-dimension-reducing approach by Cavalcanti, 
Foster, Reid, and Drummond (CFRD) [16| leads to a 
continuous multipartite inequality that doesn't rely on a 
discretization of the continuous degrees of freedom. How- 
ever, to construct the CFRD inequality, operator commu- 
tation relations must be ignored, which also eliminates a 
large category from test (see Sun, et al. [l3|)- Addition- 
ally, violation of these inequalities may not be possible 
with only two parties fisj . 

The central issue to be addressed here has two parts: 
to derive a standard CHSH Bell inequality Q for an ar- 
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bitrary bipartite input state in an unbounded continuous 
variable state space, and to describe a currently accessi- 
ble experimental method for its test. We provide what 
we believe is the first step in this direction by treating 
a two-party discrete-continuum state. One party is de- 
scribed by an arbitrary continuum state and the other 
party by a discrete two-dimensional state. To provide 
easy visualization, we address both issues in a specific 
scenario using the following two-photon down-conversion 
state: 



(1) 



where Ig)^ is one of a continuum of delta- normalized one- 
photon transverse momentum states of photon B, and 
\H)a and \V)a denote horizontally and vertically polar- 
ized quantum states of photon A. We assume that the 
transverse momentum state of photon A and the polar- 
ization of photon B factor out of the quantum state, and 
therefore need not be indicated. 

The sin and cos 9 factors are included in writing 
\'4'ab) to preserve its unit normalization, as the complex 
continuum amplitudes h{q) and v[q) are assumed to be 
unit-normalized, i.e., / dq\h[q)\^ = J dq\v{(i)\'^ = 1. Be- 
yond normalization, nothing else is assumed about h{q) 
and v{cf), including the value of their generally non-zero 
scalar product, 



dqh*{q)v{q) = z 7^ 0. 



(2) 



The two-photon state in ([T]) has an important freedom 
in the amplitude functions h{q) and v{q)^ which are arbi- 
trary superpositions of the modes in continuous q space. 
In the following we will use the term bundle to refer to 
an arbitrary superposition of \q) states. Note that this 
means that it is impossible to fully determine the state 
(infinitely many measurements would be required). This 
point is crucial because it is the stopping point for at- 
tempts up to the present time to fully engage a contin- 
uous degree of freedom in Bell inequality analysis. We 
have overcome this roadblock, as we describe below. 
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It is natural to use the Schmidt analysis in consider- 
ing two-party pure state entanglement, whether discrete 
or continuous. The Schmidt decomposition [l^ reformu- 
lates the state ([T]) as 
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(3) 



where the sets and {\fn) b} are superpositions of 

A's polarization states and S's momentum states respec- 
tively, and are derivable as the eigenvectors of A's dis- 
crete and -B's continuous reduced density matrices. The 
the associated eigenvalues, which arc always the 
same for the two reduced density matrices. 

Note that since party A has only two dimensions it has 
only two eigenvalues, and this forces all but two of B's 
infinitely many Schmidt eigenvalues to vanish. Thus the 
infinite n sum in ([3]) has only two non-zero terms, which 
we write: 



'*i|m1>I/i> + K2|u2>|/2) 



(4) 



where wc have dropped the A and B labels because it will 
be easy to remember that the discrete states belong to 
photon A and the continuous states to photon B. With- 
out loss of generality we assume that ki > K2- Here 
and \u2) are merely rotations of the original polarization 
states \H) and \V), and and I/2) are bundles of B's 
momentum states \q) where the bundles are determined 
by the Schmidt rearrangement [20| . and we write them 
as 1/1) = Jdq (pi{q)\q) and I/2) = J dq ip2{q)\q), with a 
key orthogonality property: 



(/1I/2 



dq ipl{q)^p2{q) = 0, 



(5) 



while Ki and K2 are real positive coefficients analogous 
to the smO and cos 9 in ([T]), with hi\ + k\ = 1. We note 
that because h{q) and v{q) are unknown, then {ki,K2} 
are also unknown. Lastly, for simplicity in the following 
derivation, we assume that z is real- valued which ensures 
that \ui) is linearly polarized. 

The Schmidt theorem provides an "optimum" result in 
three ways. First, as partners for the rotated polariza- 
tion states it makes two bundles of momentum states us- 
ing the (presumed unknown) amplitudes h{q) and v(q). 
Second, it guarantees that those state bundles arc or- 
thogonal, and so we have a pair of orthonormality rela- 
tions {ui\uj) = (filfj) = Sij. Third, independent of the 
makeup of the two bundles, the Schmidt states and 
1/2) define a plane in the infinite dimensional \q) space. 

We are now much closer to Bell Inequality territory be- 
cause rotations in planes in A and B spaces are what the 
CHSH inequality demands. But the bundles of contin- 
uum states making up the two Schmidt states and 
1/2) are mysterious because the original functions h{q) 
and v{q) were unknown. There are no operators available 



in continuum B space to make the rotations required by 
the CHSH Bell analysis. We will describe below how to 
make measurements in a rotated basis in the continuum 
space without rotation operators for the space, but first, 
let us reproduce the CHSH Bell Inequality analysis, un- 
der the assumption that rotations in the |/i)-|/2) plane 
can be controlled. 

With ordinary optical components one can always un- 
dertake a rotation of the Schmidt basis in photon A's 
polarization space, i.e., 

= cosa|Mi) -I- sina|u2), (6) 
jitj) = — sinajui) + cosa|u2), (7) 

where a is an arbitrarily adjustable parameter that de- 
fines the rotation angle. A rotated basis |/f), of 
momentum space bundles for photon B can be defined 
similarly with /3 as the rotation angle in q space, while 
the practical matter of accomplishing such a rotation re- 
mains temporarily an open question. 

However, given these rotations, the conventional 
CHSH analysis of local hidden variable theory Q can be 
employed. One considers the Bell operator B and finds 
B < 2, where B is defined as 

B ^ C(a, /3) - Cia, /?') + C(a', /3) + C(a', /3')- (8) 

Here C{a, (3) is the CHSH correlation between photons 
A and B when the measurements are set for the angles a 
and /3, and Pij{oL, /3) are the joint probabilities of finding 
photon A in state jitf) and photon B in state \ fj), with 
i, j = 1,2. That is. 



C{a,P) =Pn(«,/3)-Pi2(«,/3) 

-P2i(a,/3)+P22(a,/3). 



(9) 



According to quantum mechanics, the joint probabil- 
ity is given as Py(a,/3)^ = (V'as|OI//)(//|«|V'ab), 
which is a joint projection in the state spaces of both 
photons and has the potential to violate the CHSH in- 
equality. Then the Bell operator B can be calculated to 
be 



B = 2kiK2 sin2a(sin2^-sin2^') 

+ sin2a'(sin2/3 + sin2/3') 

+ cos 2a(cos 2^ - cos 2^') 
+ cos 2a' {cos 2 13 + cos2l3' ) 



For the choices a = 0, /3 
/?' = /3 -I- 7r/4, one finds 



B = \/2(2kiK2 + 1). 



(10) 
7r/4 and 

(11) 



Then there will be a Bell violation, B > 2, whenever 
K1K2 > V2 — 1. Obviously this can be satisfied and for 
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FIG. 1: Schematic illustration of Bell test for discrete- 
continuum entangled photon pairs. The red source St emits 
a photon pair \ip)tt, where the discrete (polarization) space of 
the photon propagating towards northwest (NW) in mode t is 
entangled with the continuous (e.g., momentum) space of the 
photon heading southeast (SE) in mode t. The blue source 
Sa emits identical photon pairs denoted as \^)ad with the dis- 
cretely and continuously entangled photons propagating to- 
wards southwest (SW) and northeast (NE) respectively. The 
photon in mode t passes through a polarizer uf that passes 
only the polarization component \uf), and then enters mode 
T for detection. Similar actions are taken for the photon in 
mode a with a polarizer ul that passes only the polarization 
component \ul). The photons in modes t and a axe combined 
by a 50:50 beam splitter (BS) with two outcome modes T and 
A being detected. 



the state with ki = K2 = 1/ even the Cirelson bound 
is attained, i.e., B reaches the maximum value 2^/2. 

As described above, the central hurdle to be overcome 
is the lack of a method to measure the Schmidt bundles 
in the continuous \q) space of photon B. As we now 
demonstrate, a specially en gine ered auxiliary photon is 
sufhcient to accomplish this 2l[ . The requisite auxiliary 
photon can be easily created using an auxiliary entan- 
gled state which is identical to the original state. Practi- 
cal techniques for generating pairs of identical entangled 
biphotons are available, as discussed in the Supplemen- 
tal Information, so we proceed with the setup sketched 
in Fig.[TJ The two-party state to be Bcll-tcstcd is labeled 
with the subscripts t and t for its two photons, and the 
labels a and a are used for the identical auxiliary pair. 

The two sources emit pairs of entangled photons propa- 
gating along directions t and t, and a and a. The Schmidt 
form of the discrete-continuum state of the entangled 
photon pair under test is 



Kl|ui)t|/i)j + K2\u2)t\f2)t 



(12) 



and in the figure the discretely (polarization) entangled 
photon in mode t is heading northwest (NW) and the 
continuously (momentum) entangled photon in mode t is 
heading southeast (SE), illustrated by the red paths in 
Fig. [T] The auxiliary photon pair has exactly the same 
state 



with the discretely entangled photon in mode a heading 
SW and the continuously entangled photon in mode a 
heading NE, illustrated by the blue paths in Fig. [TJ 

A polarization projection, e.g., on basis |mi), for the 
photon in mode t can be realized with a polarizer u" that 
passes the \uf) component into mode T, i.e., 

K)t tKmti=K)T{^lcMl)i+^2Sa\f2)i} (14) 

where Cq. and Sa stand for cos a and sin a. The probabil- 
ity of this measurement outcome being realized is given 
by Pi (a) = tt(^/'K)t t(w?|V')tt = kIcI + k^sI, and can 
be determined experimentally by blocking mode a and 
recording the number of coincidences detected during a 
fixed time window in modes (T, T) and (T, A) for angles 
{a, a + 7r/2}, 



Pi (a) 



iV,(T,f) + 7V„(r,l) 



E.eK.+V2} {NsiT,f)+N,iT,A) 



(15) 



where Ns (T, Y) is the number of coincidences in modes T 
and Y with the polarizer in mode T at angle d. We note 
here that the origin of the angle a is not known a pri- 
ori but can be determined by rotating the polarizer until 
the output is at a maximum, Pi (a = 0) = maxo. Pi (a). 
Coincidentally, this also determines Ki and K2, since 
Pi(0) = kI and nj + = 1. 

We want to measure the continuum space in a basis 
rotated by the angle /? as well, so we now express the 
state in the rotated basis, {|/f), 

\Ui)t t{Ui\'lp)tt =|Wi)t|(kiCqC/3 + K2SaSp)\f^)t 

+ {-KiCaSp + K2SaCl3)\f^)iY (16) 

which we rewrite again as 



t«|V')« = /fM^I<)T(cil|/f)f + C12I/. 



1). 



(17) 



Here Cij with i,j = 1, 2, are normalized amplitude coeffi- 
cients, and they relate to joint probabilities in an obvious 
way: Pij(a,/3) = |QjpP,(a). 

A projection in the continuous variable space, e.g., on 
basis \ fj), for the photon in mode t can be realized with 
the help of the auxiliary photon pair \'ip)aa- First, the 
mode a photon of the auxiliary pair is projected (by a 
polarizer wf) onto the polarization basis |ui), where an- 
gle s is chosen to strip off the |/^) component from the 



photon in mode a. A glance at (jl6|) shows how a stripping 
in continuum space by action in polarization space works. 
In (|16p . by choosing a such that ki tan/3 = K2 tana, the 
1/2) component would be eliminated. In the case of aux- 
iliary photon a, we choose s such that ki tan P — K2 tan s 
and obtain 



Kl|ui)a|/l>a + K2|M2)a|/2>E 



(13) 



\ul)aa{u{\i^)a-a^VP^\u{)A\f^)-c 



(18) 
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with Pi(s) = aa{ip\ul)a a(wilV')aa- Pjis) is determined 
experimentally in exactly the same way as Pi{a). The 
photon enters mode A from mode a after passing the 
stripping polarizer uf, as shown in Fig. [TJ Then the 
four-photon state after the two polarization projections 
in modes t and a is given by 



'cn|/f>f + ci2|/2^>f)®|/f>a. (19) 



Next, as shown in Fig. [U the mode t photon is com- 
bined with the mode a photon (which is in the continuous 
variable state |/f )) by a 50:50 beam splitter (BS). The 
outcome modes are denoted as T (NE) and A (SE). The 
effect of the BS can be expressed as 



(20) 
(21) 



The component of the four-photon state after the BS 
which has only a single photon in T and A is given by 



WttaA = V^i(a)Pi(s)|OT|OACi2 

®(l/f)Tl/l)A-|/2^)fl/f)A)/2. (22) 

One notes that due to the Hong-Ou-Mandel (HOM) ef- 
fect [H the only contributing component of the mode t 
photon in Eq. (|19p to the state after the BS is 
This amounts to a filtering or projecting operation of the 
photon in mode t into the continuous variable basis |/^). 

With the above operations, a joint projection is re- 
alized for the testing entangled photon pair \')p)ti- It 
is then straightforward to achieve the joint probability 
Pi2(a,/3). The four-photon coincidence probability in 
modes T, T, A, A is given as 



TTAA 



(a,/3) 



2 N{t,a,t,d) 



(23) 

where Nap{T, A,T, A) and N{t,a,t,a) are four-photon 
coincidence counts of the corresponding modes. The in- 
dividual probabilities can be determined using ([T5|) . Con- 
sequently, the joint probability can be written in terms 
of measurable quantities. 



A2(«,/3) 



2 N^0{T,A,f,A) 
Pi{s) N{t,a,t,a) 



(24) 



Measurement of the other joint probabilities Pii{a, (5) 
and P2j{a,l3) are accomplished by appropriately rotat- 
ing the angles a and /? by 7r/2. In this way the correla- 
tion function C(a,/3) can be achieved straightforwardly. 
Other correlations can be obtained similarly with other 
choices of angles a and (3. To achieve the Bell viola- 
tion given in (jlip the orientation of the stripping po- 
larizer is determined as tans = (ki/k2)(\/2 — 1) and 
tans' = (ki/k2)(v/2 + 1). 



In summary, we have subjected the CHSH Bell inequal- 
ity to a new test. We have demonstrated that violations 
are predicted even when one party is defined by an un- 
bounded continuous variable in a state of unknown com- 
plexity. This means that we believe we have treated for 
the first time the generic case when the continuous state 
to be tested is not subjected to any binned outcome of 
detection and is not known to be an eigenstate of any 
operator or finite set of operators. Thus no operators on 
the continuous variable are available to generate the con- 
tinuum of rotations embodied in the CHSH inequality. In 
addition, no measurement-oriented dimension reduction, 
which may reduce the original entanglement, is required 
in our method. This opens a new prospect for studying 
local realism tests for continuous variable systems. 

Our method of measuring the continuous variable 
space is an example of non-local control (see [ISl)- It 
provides a new perspective on indirect measurement of a 
system state which is not easily accessible experimentally. 
We have shown explicitly how manipulating its discrete 
and controllable entangled partner, arbitrary measure- 
ments of a system may be made. Apart from increased 
measurement capabilities, this type of indirect measure- 
ment may be useful for transferring or encoding informa- 
tion into continuous variable spaces which are difficult to 
detect or probe directly. Therefore, with proper design, 
it may be possible to construct communication protocols 
which impede potential eavesdroppers from obtaining the 
encoded information. This will be addressed in a future 
work. 
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Appendix 

At least two approaches are open for generating a 
discrete-continuum (e.g., polarization-spectrum) entan- 
gled state to perform the Bell test proposed in the text. 
One setup is illustrated in Fig. [21 where the entangled 
photon pairs are produced in a pair of spontaneous para- 
metric down-conversion (SPDC) crystals, a combination 
of type I and type II, pumped with an ultra-short UV 
laser pulse in a double pass configuration [l[. The pho- 
ton pair produced by the first passage can be written in 
general as 



W)tt ^11 duJiduj2^{i^i,OJ2)\oJi, H)t\uj2, H)t 



(mode t) and idler (mode t) photons respectively. Here 
\u!i,H) represents a single photon state with frequency 
cji and polarization H. The first and second terms in 
Eq. (^5]) are generated by the type I and type II crys- 
tals, respectively. The propagation directions of the two 
down-converted photons are determined by the phase- 
matching conditions of the SPDC crystals. 




where $(wi,a;2), '^{u)i,u)2) are two different amplitude 
functions relating to the field-crystal interaction param- 
eters, and wi, iL)2 represent the frequency of the signal 



UV pulse 



FIG. 2: Schematic illustration of producing two identical 
discrete-continuum entangled photon pairs with two-passage 
spontaneous parametric down conversion. The ultra-short 
UV laser pulse passes through the combination of type I and 
type II crystals and creates the first photon pair \^')tt (in 
red paths) with the signal and idler photons propagating in 
modes t and i respectively. The UV pulse pulse is then re- 
flected back by the mirror M and passes through the two- 
crystal structure again to create the second entangled photon 
pair \tp')aa (in blue paths) with the signal and idler photons 
propagating in modes a and a respectively. The spectrum of 
the signal photons in modes t and a are filtered by the in- 
terference filters (IF) so that the desired discrete-continuum 
(polarization-spectrum) entangled states \tp)u and \^)ad are 
achieved respectively. 

Then one can insert an interference filter (IF) cen- 
tered at Wo in front of the signal photon (as shown in 
Fig. [2]). After the filter the two-photon state is left in 
a desired discrete-continuum (polarization-spectrum) en- 
tangled state, i.e., 

duj2 [<^uo {^2)\H)t\uj2)i+ *c^o (W2) I V) t Iwz) t] , 

(26) 

where ^ojo{^2) = J rfwi.f*(wi - a;o)$(wi, ^2), ^^0(^2) = 
J du!if*{u!i—ujo)"i'{uji,ui2), and /(wi— wq) is the spectral 
response function of the filter. Here we have omitted 
the factorable components, i.e., the spectral state of the 
photon in mode t and the polarization state of photon in 
mode i. 

After the first passage, the UV laser pulse is re- 
flected back by a mirror (M) and then passes through 
the two-crystal structure again to create the second de- 
sired discrete-continuum entangled photon pair jf/'laa- As 
shown in Fig. [2j the two down-converted photons propa- 
gate in blue paths with the signal photon in mode a and 
the idler photon in mode a. Again the spectrum of the 
signal photon is filtered by an identical IF centered at wq. 
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Then the two photons in mode i and a can be com- 
bined by a 50:50 beam sphtter as proposed in the text to 
perform the Bell test measurement. To ensure the tem- 
poral indistinguishability of the two photons arriving at 
the beam splitter, one needs to make sure that the laser 
pulse length is much shorter than the coherence time of 
the down-converted photon By adjusting the dis- 
tance between the two-crystal structure and the mirror 
one can achieve the Hong-Ou-Mandel effect , and thus 
realize the necessary temporal indistinguishability. 

Another approach for realizing the necessary tempo- 
ral indistinguishability is to produce SPDC photon pairs 
with very long coherence times by using a very narrow- 
band filter as demonstrated in Ref. The temporal 
indistinguishability is then provided by appropriate post- 



selection of coincident detection events in fast single- 
photon detectors. In this case the second (auxiliary) 
discrete-continuum entangled pair can be generated from 
an identical yet independent two-crystal structure. 
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